The spectral function and dynamic structure factor of bosons interacting by contact repulsion and confined to one dimension exhibit power-law singularities along the dispersion curves of the collective modes. We find the corresponding exponents exactly, by relating them to the known Bethe ansatz solution of the Lieb-Liniger model. Remarkably, the Luttinger liquid theory predictions for the exponents fail even at low energies, once the immediate vicinities of the edges are considered.
for the exponents fail even at low energies, once the immediate vicinities of the edges are considered. Our results at low energies help understanding the behavior of 1D systems beyond the linear spectrum approximation of the LL theory. They can be used as a benchmark for numerical methods which attempt to evaluate many-body dynamics of continuous 1D models, e.g., using t-DMRG algorithms [15] .
DSF describes the probability to excite the ground state with momentum and energy transfer (k, ω), and can be measured using Bragg spectroscopy [16] . Spectral function describes the tunneling probability for a particle (or a hole) with momentum and energy (k, ω) respectively. It can be measured using stimulated Raman transition combined with additional spin-flips [17, 18] .
In what follows we will be interested in the zerotemperature DSF S(k, ω) = dx dt e i(ωt−kx) ρ(x, t)ρ(0, 0) ,
and spectral function A(k, ω) = − 1 π ImG(k, ω) signω, where Green's function G(k, ω) is defined by [19] G(k, ω) = −i dxdte i(ωt−kx) T Ψ(x, t)Ψ † (0, 0) . (2) Here Ψ(x, t) and ρ(x, t) are boson annihilation and density operators, and T denotes time ordering. Energy ω is measured from chemical potential, so A(k, ω) for ω > 0 (ω < 0) describes the response of the system to an addition of an extra particle (hole). Both A(k, ω) and S(k, ω) do not change under transformation k → −k, and we will consider them only for k > 0. Also S(k, ω) = 0 for ω < 0, so we consider DSF only for ω > 0. The exactly solvable Lieb-Liniger model [2, 3] is defined by
Here N is the total number of particles, h is the chemical potential, c > 0 is the interaction strength. Hereinafter we seth = 1 and the mass equals 1/2 for brevity. The
Shaded areas indicate the regions where they are nonvanishing. Lieb's particle mode ε1(k) and hole excitation mode ε2(k) are indicated. For spectral function A(k, ω) region with ω > 0 (ω < 0) corresponds to the particle (hole) part of the spectrum. Notations of µ indicate which exponents of Eqs. (16)- (18) should be used in Eq. (4).
ground state is fully characterized by the dimensionless parameter γ = c/D, where D = N/L is the density. The regime of weak interactions corresponds to γ ≪ 1, while the strong interactions (Tonks-Girardeau limit) correspond to γ ≫ 1. An important parameter appearing in the effective hydrodynamic description [11, 12, 13] of the model (3) is the LL parameter K = v f /v, where v is the sound velocity and v f = 2πD is the Fermi velocity of noninteracting Fermi gas of density D. Parameter K > 1 is uniquely defined by γ, with K ≈ πγ −1/2 for γ ≪ 1 and K ≈ 1 + 4/γ for γ ≫ 1 [2, 13] . Energies of excitations can be also obtained, and give rise to Lieb's particle (ε 1 ) and hole (ε 2 ) excitations, as shown in Fig.1 . The minimal excitation energy (measured from the ground state) of a state with total momentum k equals ε 2 (k), and both A(k, ω) and S(k, ω) vanish identically for |ω| < ε 2 (k).
At zero temperature, S(k, ω) and A(k, ω) have powerlaw behavior [6, 7, 8] 
with notations of µ shown in Fig. 1 . We provide exact results for exponents at ±ε 1 (k) with k > 0, and for exponents at ±ε 2 (k) with 0 < k < 2πD, see Eqs. (16) - (26). Let us briefly review the solution of the Lieb-Liniger model to set the notations, and we will mostly follow the conventions of Ref. [3] . Ground state quasimomenta ν j , 1 ≤ j ≤ N, are given by the solutions of Bethe equations
where θ(x) = 2 arctan x c is the two-particle phase shift and quantum numbers are n j = j − 1 − (N − 1)/2. In the thermodynamic limit, this system gives rise to the integral equation
Here
and ±q is the highest (lowest) filled quasimomentum; q is defined as a function of density by the normalization condition D = q −q ρ(ν)dν. Particlelike excitations with k > 0 can be constructed by adding an extra quasimomentum λ > q, while holelike excitations are obtained by removing a quasimomentum |λ| < q (particlelike states with k < 0 correspond to λ < −q). Since all quasimomenta ν j are coupled to each other by Eqs. (5), this will shift all of them. A convenient way to take this change into account is to introduce a shift function
whereν j are new solutions and upper (lower) sign corresponds to extra particle (hole). In the thermodynamic limit F B (ν|λ) satisfies an integral equation [20] F B (ν|λ) − 1 2π
Shift function F B (ν|λ) can be used [3] to calculate exact energies ε 1(2) as a function of momentum k(λ). The latter can be also written [3] as
Here upper (lower) sign corresponds to particle (hole) excitation with λ > q (|λ| < q), and k(q) = 0, k(−q + 0) = 2πD. As will be shown below, F B (±q|λ) play a crucial role in the calculation of the edge singularities, so we will investigate it in more detail. One can analytically derive the limiting behavior
and
Eq. (10) can be derived [20] from Ref. [22] . Eq. (11) follows from expansion of right hand side of Eq. (8) combined with ρ(±q) = √ K/2π, see e.g. Eqs. (I.9.20-I.9.22) of Ref. [3] .
We can calculate the exponents using the method of Refs. [6, 7, 8, 10] . For example, exponents at ε 1 (k) > 0 are evaluated using effective Hamiltonian H = H 0 +H d + H int , where
Here d † creates an extra particle with momentum near k, and we use the notations of Ref. [14] , such that
The effective Hamiltonian, Eqs. (12)- (14), discriminates states created by d † from low-lying states of the rest of the system which are described as LL. This separation is possible only in the investigation of response functions very close to the Lieb's modes, such as line ε 1 (k) in Fig. 2 , and only due to the finite curvature of the underlying boson spectrum. Under these circumstances, excitations close to the edge can be distinguished from the excitations of the LL. Response functions evaluated from Eqs. (12)- (14) are valid in a narrow region of width vanishing as ∼ k 2 at k → 0; see discussion after Eq. (27). Singular parts of DSF and spectral function are
The crucial step in our approach is the identification of the unitary transformation which removes an interaction term H int from the Bethe ansatz solution. This can be done by noticing that H 0 becomes a sum of noninteracting modes after transformation φ = √ Kφ, θ =θ/ √ K. If one refermionizes fieldsφ,θ, one obtains a noninteracting Luttinger model with two branches. Fermionic excitations of this model with momenta k j > 0 correspond to low-energy particlelike excitations of the Bethe ansatz with quasimomenta ν j > q, and k j ∝ ν j − q. The state where a d particle is present corresponds to a state with occupied quasimomentum λ. For noninteracting fermions, phase shift on the particle d can be written as δ(k) = 2π(k j −k j )/(k j+1 − k j ), wherek j is the momentum of the new eigenstate in the presence of particle d. The same quantity in the Bethe ansatz solution can be calculated using Eq. (7), and by noticing that the shift of quasimomenta by ν j+1 − ν j corresponds to a phase shift 2π. Then interaction term H int can be removed [23, 24] by unitary transformation
A standard calculation [14, 23, 24, 25 ] then leads to
Exponents µ + and µ − are more complicated. For example, µ + corresponds to a state with one additional particle, total momentum k, and the smallest possible energy ε 2 (k). Such state is given by two extra particles at the right quasifermi surface and a hole. To evaluate µ + , one needs to calculate the correlator
, where d creates a hole. One obtains
. (18) In Eqs. (16)- (18) one should choose λ > q for µ 1 , µ + , µ − , and |λ| < q for µ 2 , µ + , µ − . Using Eqs. (10)- (11), one can derive analytically the behavior of exponents near k = 0, 2πD and at k → ∞. DSF exponents are given by
Exponents for the spectral function at low energies equal
and for large momenta one has
For k → ∞ Eq. (17) gives µ + → 1, which is a certain way to parameterize an expected result
2 )t /t 1−µ+ . Numerical solutions show that all exponents are monotonic functions of k, lying between limiting values cited above. Exponents µ − and µ − can change sign as a function of k. Exponent µ − changes its sign from positive at k = 0 to negative at k = 2πD for sufficiently weak interactions, at K > K c = 1/4 + √ 5/4 + 1/2 1/2 + √ 5/2 ≈ 1.445, and µ − can also change its sign from negative at k = 0 to positive at k = ∞ for K > 2. Our results are in full agreement with previously published limiting cases [8, 9] , and agree qualitatively with the numerical calculations of DSF [4] and spectral function [5] .
One of the main achievements of the LL approximation [11, 12, 13, 14, 25] is the calculation of exponents in dynamic correlation functions in the limit k → 2πDn, where n is any integer. We note however that exact exponents (20) - (25) in the immediate vicinity of the edges are different. They show markedly non-LL behavior, e.g. they can depend on √ K, while LL exponents depend only on K and 1/K. To illustrate the failure of LL exponents in the immediate vicinity of the edge we consider A(k, ω) for ω > 0 near k = 0 in more detail; see Fig. 2 . LL theory assumes linear spectrum ε(k) ≈ vk and predicts [13, 14] 
Difference between the second and third lines here arises from the fact that only one branch contributes to the exponent for 0 < ω − vk ≪ ω, while both left-and rightmovers contribute at vk ≪ ω. One should note however, that 0 in condition 0 < ω − vk ≪ ω, is an artifact of the linear spectrum approximation, which breaks down at energy scales on the order of
It is precisely within this region where exact results (22) , (23) are applicable. Each of these exponents is valid in the vicinities of ε 1(2) (k) much narrower than ε 1 (k) − ε 2 (k) ∼ k 2 . These exponents describe the response of the system at k → 0 beyond linear hydrodynamic approximation. Nevertheless, for the Lieb-Liniger model they turn out to depend only on the LL parameter K, since phase shifts at quasifermi surface are also related to K; see Eq. (10). Far away from k → 2πDn, regions of validity of exponents (17) , (18) widen, and the singularities constitute the main features of the spectral function.
To summarize, we have found exact exponents characterizing the singularities of the dynamic structure factor and spectral function along the dispersion curves of the collective modes of a 1D Bose gas. The found exponents are related to the known Bethe ansatz solution of the Lieb-Liniger model. Remarkably, the Luttinger liquid theory predictions for the exponents fail even at low energies, once the immediate vicinities of the edges are considered.
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-After the essential part of this work has been completed, preprint to Ref. [26] has appeared, where equations similar to our Eqs. (8) and (16) were also reported for DSF of 1D fermions on a lattice.
